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ON CLUSTER-TILTING GRAPHS FOR HEREDITARY CATEGORIES
CHANGJIAN FU AND SHENGFEI GENG
Abstract. Let H be a connected hereditary abelian category with tilting objects. It
is proved that the cluster-tilting graph associated with H is always connected. As a
consequence, we establish the connectedness of the tilting graph for the category cohX
of coherent sheaves over a weighted projective line X of wild type. The connectedness
of tilting graphs for such categories was conjectured by Happel and Unger, which has
immediately applications in cluster algebras. For instance, we deduce that there is a
bijection between the set of indecomposable rigid objects of the cluster category CX of
cohX and the set of cluster variables of the cluster algebra AX associated with cohX.
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1. Introduction
Hereditary abelian categories with tilting objects have played an important role in
the representation theory of finite dimensional algebras, which are of special interest
in connection with the construction of quasitilted algebras [18]. The main examples of
such categories are the category modH of finitely generated right modules of a finite
dimensional hereditary algebra H and the category cohX of coherent sheaves over a
weighted projective line X in the sense of Geigle and Lenzing [12]. If the ground field
is algebraically closed, then each connected hereditary abelian category with tilting
objects is derived equivalent to modH or cohX, see [16].
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Let k be an algebraically closed field and H a hereditary abelian category over k with
finite dimensional Hom and Ext spaces. Recall that an object T ∈ H is called a tilting
object if Ext1H(T, T ) = 0 and for X ∈ H with HomH(T,X) = 0 = Ext
1
H(T,X), we have
that X = 0. Each basic tilting object of H has the same number of indecomposable
direct summands. It was shown in [21] that the set TH of basic tilting objects of H
admits a partial order ≤ (cf. also [32, 33, 29, 20]). The tilting graph is the Hasse
diagram of the poset (TH,≤). In other words, the tilting graph Gt(H) of H has as
vertices the isomorphism classes of basic tilting objects of H, while two vertices T and
T ′ are connected by an edge if and only if they differ by precisely one indecomposable
direct summand.
We are interested in the connectedness of Gt(H). When H is derived equivalent to
a hereditary algebra which is not of wild type, Happel and Unger [21] obtained an
explicitly characterization for the connectedness. On the other hand, Unger [32] conjec-
tured that the tilting graph of a wild hereditary algebra is never connected. According
to Happel’s classification theorem [16], Happel and Unger [21] proposed the following
conjecture.
Conjecture (Happel-Unger). Let H be a connected hereditary abelian category. If H is
derived equivalent to cohX with X tubular or wild or to modH with H wild, then Gt(H)
is connected if and only if H does not contain nonzero projective objects.
Note that H does not contain nonzero projective objects if H is derived equivalent to
cohX with X tubular or wild. The “if” part is more significant, which has applications in
cluster algebras (cf. [6, 4]). Happel and Unger [21] proved that if H is derived equivalent
to modH with H wild, then Gt(H) is connected ifH does not contain nonzero projective
objects. By studying the automorphism group of the bounded derived category Db(H)
of H, Barot et al. [4] established the connectedness for Gt(H) provided that H is derived
equivalent to cohX for a weighted projective line X of tubular type. The aim of this
paper is to establish the connectedness of Gt(H) for H in a full of generality.
Theorem 1.1. Let H be a connected hereditary abelian category over k. The tilting
graph Gt(H) is connected provided that H does not contain nonzero projective objects.
Our approach to Theorem 1.1 relies on a recent development in representation theory:
the cluster-tilting theory. Let C be a 2-Calabi-Yau triangulated category. An object
T ∈ C is rigid if Ext1C(T, T ) = 0. An object T ∈ C is a cluster-tilting object if T is rigid
and for X ∈ C with Ext1C(T,X) = 0, we have that X ∈ addT , where addT is the full
subcategory of C consisting of objects which are finite direct sums of direct summands
of T . It was shown in [8] that each basic cluster-tilting object has the same number
of indecomposable direct summands. Similar to the case of H, one defines the cluster-
tilting graph Gct(C) of C (cf. Definition 2.11 for the precisely definition). For a given
hereditary abelian category H with tilting objects, we construct the cluster category
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C(H) of H following [24]. Among others, the cluster category C(H) is a 2-Calabi-Yau
triangulated category with cluster-tilting objects. It is not hard to show that if H does
not contain nonzero projective objects, then the tilting graph Gt(H) is isomorphic to
the cluster-tilting graph Gct(C(H)) of C(H) (cf. Proposition 2.13). Hence, we deduce
Theorem 1.1 from the following result.
Theorem 1.2. Let H be a connected hereditary abelian category with tilting objects.
The cluster-tilting graph Gct(C(H)) is connected.
The connectedness of Gct(C(H)) for the cluster category C(H) is known if H is derived
equivalent to modH for a finite dimensional hereditary algebra H [6] or to cohX with
X tubular [4]. Our strategy of the proof for Theorem 1.2 is different to the one in [6, 4].
We prove it by induction on the rank of the Grothendieck group G0(H) of H together
with Iyama-Yoshino’s reduction for triangulated categories. The key ingredient in our
approach is to establish a reachable property for cohX (cf. Section 5.2).
The connectedness of Gct(C(H)) has applications in the theory of cluster algebras. It
was shown in [7, 4] that C(H) admits a cluster structure in the sense of [5]. Roughly
speaking, for each basic cluster-tilting object T ∈ C(H), one can construct a cluster
algebra AT associated with T . As an immediately consequence of Theorem 1.2, we
have (cf. Corollary 7.1)
Corollary 1.3. Let H be a connected hereditary abelian category and C(H) the asso-
ciated cluster category with a cluster-tilting object T . There is a bijection between the
set of indecomposable rigid objects of C(H) and the set of cluster variables of the cluster
algebra AT .
The paper is structured as follows. In Section 2, we recall certain basic properties for
hereditary abelian categories with tilting objects and their associated cluster categories.
The relation between the tilting graph of a hereditary abelian category H and the
cluster-tilting graph of the cluster category C(H) is discussed. Section 3 is devoted to
investigate the Iyama-Yoshino’s reduction for the derived category Db(H) with respect
to an exceptional object of H. In particular, Theorem 3.7 is proved, which plays an
important role in the proof of Theorem 1.2. In Section 4, we introduce the definition of
reachable (Definition 4.1) and establish the reachable property for the cluster category
C(modH) of a hereditary algebra H (Proposition 4.2). We give an alternative proof for
the connectedness of the cluster-tilting graph Gct(C(modH)) basing on Theorem 3.7 and
Proposition 4.2. After recalling certain basic properties for weighted projective lines, we
establish the reachable property (Proposition 5.11) for the category cohX of coherent
sheaves over X in Section 5. We present the proof of Theorem 1.2 in Section 6 and some
consequences in Section 7.
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Conventions. Throughout this paper, denote by k an algebraically closed field. By
a hereditary abelian category, we mean a hereditary abelian category over k with fi-
nite dimensional Hom and Ext spaces. Denote by D = Homk(−, k) the k-duality. For a
category C and an objectM ∈ C, denote by |M | the number of non-isomorphic indecom-
posable direct summands of M . Denote by addM the full subcategory of C consisting
of objects which are finite direct sums of direct summands of M . For a triangulated
category T with a Serre functor S, we will denote by S2 := S ◦ Σ
−2, where Σ is the
suspension functor of T . For unexplained terminology in representation theory of finite
dimensional algebras, we refer to [30, 3, 31].
2. Cluster-tilting theory for hereditary categories
2.1. Hereditary categories with tilting objects. In this section, we recall some
basic facts about hereditary abelian categories with tilting objects. We refer to [16, 17,
18] for more details. We begin with the following proposition, where the statements
(1), (2), (4) are proved in [18] and (3) is taken from [15].
Proposition 2.1. Let H be a hereditary abelian category with tilting objects.
(1) H has almost split sequences and hence the Auslander-Reiten translation τ ;
(2) The Grothendieck group G0(H) is a free abelian group with finite rank.
Assume moreover that H is connected.
(3) If H does contain nonzero projective objects, then H is equivalent to the category
modH of finite dimensional modules for a finite dimensional hereditary k-algebra
H;
(4) If H does not contain nonzero projective objects, then the Auslander-Reiten
translation τ : H → H is an equivalence.
Recall that an object T ∈ H is rigid if Ext1H(T, T ) = 0. It is exceptional if it is rigid
and indecomposable. The following equivalent definition of tilting objects is useful.
Lemma 2.2. [17, Proposition 1.7] Let H be a hereditary abelian category with tilting
objects. Then an object T ∈ H is a tilting object if and only if T is rigid and |T | =
rankG0(H), where rank G0(H) is the rank of the Grothendieck group G0(H) of H.
In particular, each basic tilting object in a hereditary categoryH has the same number
of non-isomorphic indecomposable direct summands. A rigid object M ∈ H is partial
tilting if there is an object N ∈ H such that M ⊕ N is a tilting object of H. In this
cases, N is called a complement of M . A partial tilting object M is an almost complete
partial tilting object if |M | = rank G0(H)− 1.
Lemma 2.3. [21, Proposition 3.2] Let H be a hereditary abelian category with tilting
objects. Then any rigid object M ∈ H is a partial tilting object of H.
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Lemma 2.4. [21, Proposition 3.6] Let H be a hereditary abelian category with tilting
objects. Assume that H does not contain nonzero projective objects. Let M be an almost
complete partial tilting object. Then there exist precisely two complements X and Y of
M . Moreover, exactly one of the following two short exact sequences occurs:
0→ X → B → Y → 0 and 0→ Y → B′ → X → 0,
where B,B′ ∈ addM .
For a given exceptional object E, the right perpendicular category E⊥ is defined as
follows
E⊥ := {X ∈ H | HomH(E,X) = 0 = Ext
1
H(E,X)}.
The following is a basic result on exceptional objects and their perpendicular cate-
gories, where (1) is proved in [19], (2) is taken from [13] and (3) is a result of [17](cf.
Proposition 2.1 and Theorem 2.5 of [17]).
Proposition 2.5. Let H be a connected hereditary abelian category with tilting objects
and E an exceptional object of H. Then
(1) EndH(E) ∼= k;
(2) E⊥ is a hereditary abelian category;
(3) Assume that H does not contain nonzero projective objects. Then there is a
tilting object T of E⊥ such that T ⊕ E is a tilting object of H.
Now let us turn to the bounded derived category Db(H) of H. Let T ∈ H be a basic
tilting object of H. The endomorphism algebra Λ := EndH(T ) is called a quasitilted
algebra. It was proved in [18] that the global dimension of Λ is at most 2 and there is
a triangle equivalence between Db(H) and Db(Λ), where Db(Λ) is the bounded derived
category of the category of finitely generated right Λ-modules.
The following basic structure theorem is due to Happel [16].
Theorem 2.6. [16, Theorem 3.1] If H is a connected hereditary abelian category with
tilting objects, then H is derived equivalent to the category modH of finite dimensional
modules for a finite dimensional hereditary k-algebra H or to the category of coherent
sheaves cohX over a weighted projective line X.
2.2. Cluster categories associated with hereditary categories. LetH be a hered-
itary abelian category with tilting objects. Let Db(H) be the bounded derived category
ofH with suspension functor Σ. Denote by τ the Auslander-Reiten translation of Db(H)
and S := τ ◦Σ the Serre functor. Recall that S2 = S◦Σ
−2. The cluster category C(H) is
defined as the orbit category Db(H)/〈S2〉; it has the same objects as D
b(H), morphism
spaces are given by
⊕
i∈Z HomDb(H)(X, S
i
2Y ) with obvious composition. The cluster cate-
gory C(H) has a canonical triangle structure such that the projection π : Db(H)→ C(H)
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is a triangle functor [24]. Moreover, C(H) is a 2-Calabi-Yau triangulated category, i.e.
for any X, Y ∈ C(H), we have bifunctorially isomorphisms
HomC(H)(X,Σ
2Y ) ∼= DHomC(H)(Y,X).
If H does not contain nonzero projective objects, the composition of the embedding of
H into Db(H) with the projection π : Db(H) → C(H) yields a bijection between the
set of indecomposable objects of H and the set of indecomposable objects of C(H). We
may identify the objects of H with the ones of C(H) by the bijection in this case.
The following is a consequence of the universal property of the cluster category [24]
(cf. also [34]).
Lemma 2.7. Let H and H′ be two hereditary abelian categories with tilting objects. If
Db(H) ∼= Db(H′), then C(H) ∼= C(H′).
The following was proved in [6] (cf. Section 3 of [6]).
Lemma 2.8. Let H be a hereditary abelian category with a tilting object T . Then
(1) M ∈ H is rigid in H if and only if π(M) is rigid in C(H);
(2) π(T ) is a cluster-tilting object of C(H);
(3) For each rigid object M of C(H), there is an object N ∈ C(H) such that M ⊕N
is a cluster-tilting object.
2.3. Cluster-tilting graphs associated with H. Let T be a Hom-finite triangulated
category over k with suspension functor Σ. Assume that T has a Serre functor S. Let
V be a full subcategory of T and X an object of T . A morphism fX : X → VX with
VX ∈ V is a left V-approximation of X , if the morphism HomT (fX , V ) : HomT (VX , V )→
HomT (X, V ) is surjective for any object V ∈ V. Dually, a morphism gX : V
′
X →
X with V ′X ∈ V is a right V-approximation of X , if the morphism HomT (V, gX) :
HomT (V, V
′
X) → HomT (V,X) is surjective for any object V ∈ V. The subcategory
V is covariantly finite (resp. contravariantly finite) in T if every object in T has a
left (resp. right) V-approximation. We say that V is functorially finite if it is both
covariantly finite and contravariantly finite in T . We need the following definition
of cluster-tilting subcategories for triangulated categories, which is a generalization of
cluster-tilting objects for 2-Calabi-Yau triangulated categories (cf. [23]).
Definition 2.9. A functorially finite subcategory V of T is cluster-tilting if
V = {X ∈ T | HomT (X,ΣV) = 0} = {Y ∈ T | HomT (V,ΣY ) = 0}.
An object T ∈ T is cluster-tilting if the subcategory addT is cluster-tilting.
It is not hard to show that S2V = V for any cluster-tilting subcategory V of T .
Theorem 2.10. [23, Theorem 5.3] Let T be a Hom-finite triangulated category with
Serre functor S and V a cluster-tilting subcategory of T . Let X ∈ V be an indecomposable
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object and set
V ′ := add(indV)\{Sp2X | p ∈ Z},
where ind(V) denotes the indecomposable objects in V. Then there exists a unique
cluster-tilting subcategory V∗ with V ′ ⊆ V∗ 6= V. Moreover, V and V∗ differ exactly
a single S2-orbit.
Now we can introduce the definition of cluster-tilting graphs for triangulated cate-
gories.
Definition 2.11. Let T be a Hom-finite triangulated category with Serre functor S.
The cluster-tilting graph Gct(T ) of T has as vertices the isomorphism classes of cluster-
tilting subcategories of T . Two vertices V and W are connected by an edge if and only
if they differ by exactly a single S2-orbit.
For a hereditary abelian category H, we obtain the cluster-tilting graph Gct(D
b(H)) of
Db(H) and the cluster-tilting graph Gct(C(H)) of C(H). The following gives the relation
between the cluster-tilting graph Gct(D
b(H)) and the cluster-tilting graph Gct(C(H)).
Proposition 2.12. Let H be a hereditary abelian category with tilting objects. The
projection functor π : Db(H)→ C(H) yields a bijection between the set of cluster-tilting
subcategories of Db(H) and the set of basic cluster-tilting objects of C(H). Moreover,
we have Gct(D
b(H)) ∼= Gct(C(H)).
Proof. The bijection has been established by [35, Theorem 4.5]. For the isomorphism
of the cluster-tilting graphs, it suffices to note that the cluster-tilting objects T and T ′
of C(H) differ by exactly one indecomposable direct summand if and only if π−1(addT )
and π−1(addT ′) differ by exactly one S2-orbit. 
Proposition 2.13. Let H be a connected hereditary abelian category with tilting objects.
If H does not contain nonzero projective objects, the projection π : Db(H)→ C(H) yields
a bijection between the set of basic tilting objects of H and the set of basic cluster-tilting
objects of C(H). Consequently,
Gt(H) ∼= Gct(C(H)) ∼= Gct(D
b(H)).
Proof. The bijection is proved by [6, Proposition 3.4]. The isomorphisms of graphs are
consequences of the bijection and Proposition 2.12. 
3. Reduction of triangulated categories
3.1. Iyama-Yoshino’s reduction. Let T be a Hom-finite triangulated category with a
Serre functor T S. Denote by Σ the suspension functor of T . Let U be a full subcategory
of T satisfying the following properties:
• U is rigid, that is HomT (U ,ΣU) = 0;
• U is functorially finite;
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• U is stable under T S2.
We define the full subcategory Z(U) as
Z(U) := {X ∈ T | HomT (U ,ΣX) = 0} ⊆ T .
By definition, we have U ⊆ Z(U) and hence we can form the additive quotient TU :=
Z(U)/[U ]. It has the same objects as Z(U) and for X, Y ∈ Z(U) we have
HomTU (X, Y ) := HomT (X, Y )/[U ](X, Y ),
where [U ](X, Y ) denotes the subgroup of HomT (X, Y ) consisting of morphisms which
factor through object in U . For X ∈ Z(U), let X → UX be a minimal left U-
approximation. We define X〈1〉 to be the cone
X → UX → X〈1〉 → ΣX.
Theorem 3.1. [23, Theorem 4.7/ 4.9] The category TU is triangulated, with suspension
functor 〈1〉 and Serre functor TUS = T S2 ◦ 〈2〉. Moreover, there is a bijection between
the set of cluster-tilting subcategories of T containing U and the set of cluster-tilting
subcategories of TU .
We call the triangulated category TU the Iyama-Yoshino’s reduction of T with respect
to U .
Remark 3.2. Let X ∈ Z(U) be an indecomposable object of T such that X 6∈ U .
As a direct consequence of Theorem 3.1, the TUS2-orbit of X in TU coincides with the
T S2-orbit of X in T .
3.2. Reduction of the cluster category of a hereditary algebra. Let H be a
finite dimensional hereditary algebra over k. Denote by modH the category of finitely
generated right H-modules and C := C(modH) the corresponding cluster category with
suspension functor Σ. Note that CS := Σ
2 is a Serre functor of C.
Let E be an indecomposable rigid object of C. The subcategory addE is rigid,
functorially finite and stable under CS2. In particular, we may apply Theorem 3.1 to
the subcategory addE and we denote by CE the Iyama-Yoshino’s reduction of C with
respect to addE in this case.
Theorem 3.3. [10, Theorem 3.3] The Iyama-Yoshino’s reduction CE of C with respect
to addE is the cluster category C(modH ′) of a finite dimensional hereditary algebra H ′.
Moreover, rank G0(modH
′) = rankG0(modH)− 1.
3.3. Reduction of the derived category of a hereditary category. Let Λ be a
finite dimensional k-algebra of global dimension ≤ 2. Let Db(Λ) be the bounded derived
category of finitely generated right Λ-modules. Denote by ΛS the Serre functor of D
b(Λ).
The algebra Λ is τ2-finite if
dimk
⊕
p≥0
HomDb(Λ)(Λ, ΛS
p
2Λ) <∞.
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Lemma 3.4. Each quasitilted algebra Λ is τ2-finite.
Proof. Since Λ is quasitilted, the global dimension of Λ is at most 2. Moreover, there
is a hereditary abelian category H with a tilting object T such that Λ ∼= EndH(T ). We
obtain a triangle equivalence Db(H) ∼= Db(Λ). Let τ be the Auslander-Reiten translation
of Db(H). It suffices to show that
dimk
⊕
p∈Z
HomDb(H)(T, (τ
−1Σ)pT ) <∞,
which is a consequence of the fact that H is hereditary.

The following and its dual version have been proved in [2].
Theorem 3.5. [2, Theorem 4.6] Let Λ be a τ2-finite algebra and P an indecomposable
projective Λ-module such that HomΛ(P,Q) = 0 for any indecomposable projective module
Q with Q 6∼= P . Let Λ′ = Λ/ΛeΛ, where e is the primitive idempotent corresponding to
P . Denote by U = {ΛS
p
2P | p ∈ Z}. Then the Iyama-Yoshino’s reduction D
b(Λ)U of
Db(Λ) with respect to U is triangle equivalent to Db(Λ′).
Let H be a connected hereditary abelian category with tilting objects. Denote by
Db(H) the bounded derived category with suspension functor Σ. Let S be a Serre
functor of Db(H). Let E ∈ H be an exceptional object and E := {Sp2E | p ∈ Z} the
subcategory of Db(H) formed by the S2-orbit of E.
Lemma 3.6. The subcategory E is rigid, functorially finite and stable under S2.
In particualr, we may apply the Iyama-Yoshino’s reduction to Db(H) with respect to
E . In this case, we denote by Db(H)E the Iyama-Yoshino’s reduction of D
b(H) with
respect to E .
Theorem 3.7. Let H be a connected hereditary abelian category with tilting objects. Let
E be an exceptional object of H. The triangulated category Db(H)E is triangle equivalent
to Db(H′) for certain hereditary abelian category H′ with tilting objects. Moreover, we
have rank G0(H
′) = rankG0(H)− 1.
Proof. Let us first consider the case that H does not contain nonzero projective objects.
By Proposition 2.5 (3), there is a tilting object M of E⊥ such that M ⊕ E is a tilting
object of H. Let Λ = EndH(M ⊕ E) be the endomorphism algebra of M ⊕ E and
Λ′ = EndE⊥(M) = EndH(M) be the endomorphism algebra of M . It is clear that
Λ′ ∼= Λ/ΛeΛ, where e ∈ Λ is the primitive idempotent corresponding to E. Note that
we have Db(Λ) ∼= Db(H) and Db(E⊥) ∼= Db(Λ′). According to Lemma 3.4, we know
that Λ is τ2-finite. By applying Theorem 3.5, we conclude that D
b(H)E ∼= D
b(E⊥).
IfH does contain nonzero projective objects, thenH ∼= modH for a finite dimensional
hereditary algebra H . In this case, it is not hard to see that there is an H-module M
such that
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• M ⊕ E is a tilting object of H;
• we have either HomH(E,M) = 0 or HomH(M,E) = 0.
Denote by Λ′ = EndH(M) and Λ = EndH(M ⊕ E). Let e be the primitive idempo-
tent of Λ corresponding to E. We clearly have Λ′ = Λ/ΛeΛ in both cases. Accord-
ing to [14, Corollary 6.5], Λ′ is derived equivalent to a hereditary algebra H ′ such
that rank G0(modH
′) = rank G0(modH) − 1. If HomH(E,M) = 0, we conclude that
Db(H)E ∼= D
b(Λ′) ∼= Db(H ′) by Theorem 3.5 . For the case that HomH(M,E) = 0, we
apply the dual version of Theorem 3.5 to obtain the desired result. 
4. The cluster-tilting graph of a hereditary algebra
The aim of this section is to give an alternative proof for the connectedness of the
cluster-tilting graph of a hereditary algebra. The strategy will be generalized in Section 6
to prove Theorem 1.2.
Definition 4.1. Let T be a triangulated category or an abelian category over k and
M,N two indecomposable rigid objects. We say that M is reachable by N if there exists
a sequence of indecomposable rigid objects M1, . . . ,Ms ∈ T such that M ⊕M1,M1 ⊕
M2, . . . ,Ms−1 ⊕Ms,Ms ⊕N are rigid in T .
It is clear that the above definition yields an equivalent relation on the set of isomor-
phism classes of indecomposable rigid objects of T . We say that the category T has
the reachable property if there is exactly one equivalent class.
Let H be a finite dimensional hereditary algebra over k and modH the category of
finitely generated right H-modules. Denote by C := C(modH) the cluster category
of H . If rank G0(modH) = 1, then each basic rigid object of C is indecomposable.
Consequently, each indecomposable rigid object of C can only be reachable by itself.
In the following, we assume moreover that rank G0(modH) > 1.
Proposition 4.2. Let M and N be two arbitrary indecomposable rigid objects of C.
Then M is reachable by N .
Proof. Without loss of generality, we may assume that H is connected. Note that each
indecomposable object of C is either the image of an indecomposable H-module or
the image of ΣQ for an indecomposable projective H-module Q under the projection
π : Db(modH) → C. Moreover, an indecomposable H-module M is rigid in modH if
and only if M is rigid in C. It suffices to prove that each indecomposable rigid object
M ∈ C is reachable by an indecomposable projective H-module P .
It is straightforward to check that if M is one of the following three cases: preprojec-
tive H-module, preinjective H-module or M ∼= ΣQ for some indecomposable projective
H-module Q, then M is reachable by P in C.
Now assume that M is an indecomposable rigid regular H-module. If H is not
of wild type, then each tilting module T containing M as a direct summand has an
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indecomposable preprojective or preinjective H-module. Consequently, M is reachable
by P .
Let us assume that H is of wild type and M is regular. If there is a tilting H-module
which contains M and an indecomposable preprojective or preinjective H-module as
direct summands, then M is reachable by P . Otherwise, let T = M ⊕ T be a basic
regular tilting H-module. According to [33, Theorem 3.1], there is path in the tilting
graph Gt(modH)
T = T0 T1 · · · Tr,
such that there is an indecomposable direct summand N of Tr and an indecomposable
projective H-module Q such that HomH(Q, Tr) = 0, where Tr = N ⊕ Tr. A direct
computation shows that HomC(ΣQ⊕Tr ,Σ
2Q⊕ΣTr) = 0. Consequently, M is reachable
by ΣQ and hence by P . 
Remark 4.3. The corresponding result for modH is not true in general. For instance,
let H be the path algebra of the Kronecker quiver: 1 // // 2 . It is easy to see that
an indecomposable projective module is not reachable by an indecomposable injective
module.
The following proposition was proved in [6], which is a direct consequence of Propo-
sition 2.13 and the connectedness of tilting graphs established in [21]. Here we provide
an alternative proof by induction on the rank of the Grothendieck group G0(modH) of
a hereditary algebra H .
Proposition 4.4. [6, Proposition 3.5] Let C be the cluster category of a finite dimen-
sional hereditary algebra H. The cluster-tilting graph Gct(C) is connected.
Proof. We prove this result by induction on the rank n = rank G0(modH) of the
Grothendieck group G0(modH). If n = 1, then H ∼= k. It is clear that the cluster-
tilting graph is connected in this case.
Let us assume that n > 1. Let M =M1⊕M and N = N1⊕N be two arbitrary basic
cluster-tilting objects of C, where M1 and N1 are indecomposable. It suffices to show
that M and N are connected in Gct(C). By Proposition 4.2, M1 is reachable by N1 in C.
Namely, there exist indecomposable rigid objects X0 := M1, X1, · · · , Xs := N1 ∈ C such
that X0⊕X1, X1⊕X2, · · · , Xs−1⊕Xs are rigid in C. According to Lemma 2.8 (3), each
rigid object of C can be completed into a cluster-tilting object. Let T0 = X0⊕X1⊕ T 0,
T1 = X1⊕X2⊕ T 1, · · · , Ts−1 = Xs−1⊕Xs⊕ T s−1 be cluster-tilting objects. Denote by
T−1 :=M and Ts := N . For any 0 ≤ i ≤ s, Xi is a common direct summand of Ti−1 and
Ti and we can apply the Iyama-Yoshino’s reduction of C with respect to Xi. According
to Theorem 3.1, Theorem 3.3 and the induction hypothesis, we conclude that Ti−1 and
Ti are connected in the cluster-tilting graph Gct(C). Hence M and N are connected in
Gct(C). 
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5. Reachability of cohX
5.1. Recollection on weighted projective line.
5.1.1. Weighted projective lines. We follow [12, 26]. Fix a positive integer t ≥ 2. A
weighted projective line X = X(p,λ) over k is given by a weighted sequence p =
(p1, . . . , pt) of integers, and a parameter sequence λ = (λ1 . . . , λt) of pairwise distinct
points of the projective line P1(k). Let L be the rank one abelian group generated by
~x1, . . . , ~xt with the relations
p1~x1 = p2~x2 = · · · = pt~xt =: ~c,
where the element ~c is called the canonical element of L. Denote by
~ω := (t− 2)~c−
t∑
i=1
~xi ∈ L,
which is called the dualizing element of L. Each element ~x ∈ L can be uniquely written
into the normal form
~x =
t∑
i=1
li~xi + l~c, where 0 ≤ li < pi and l ∈ Z.
Let ~x =
∑t
i=1 li~xi+ l~c and ~y =
∑t
i=1mi~xi+m~c ∈ L be in normal form, denote by ~x ≤ ~y
if li ≤ mi for i = 1, . . . , t and l ≤ m. This defines a partial order on L. It is known that
each ~x ∈ L satisfies exactly one of the two possibilities:
0 ≤ ~x or ~x ≤ ~c+ ~ω.
5.1.2. The category cohX of coherent sheaves. Let
R := R(p,λ) = k[X1, · · · , Xt]/I
be the quotient of the polynomial ring k[X1, · · · , Xt] by the ideal I generated by fi =
Xpii − X
p2
2 + λiX
p1
1 for 3 ≤ i ≤ t. The algebra R is L-graded by setting degXi =
~xi for i = 1, . . . , t and we have the decomposition of R into k-subspace
R =
⊕
~x∈L
R~x.
The category cohX of coherent sheaves over X is defined to be the quotient category
cohX := modLR/modL0 R,
where modLR is the category of finitely generated L-graded R-modules, while modL0 R
is the Serre subcategory of L-graded R-modules of finite length. For each sheaf E and
~x ∈ L, denote by E(~x) the grading shift of E with ~x. The free module R gives the
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structure sheaf O, and each line bundle is given by the grading shift O(~x) for a unique
element ~x ∈ L. Moreover, we have
HomX(O(~x),O(~y)) = R~y−~x for any ~x, ~y ∈ L.(5.1)
In [12], Geigle and Lenzing proved that cohX is a connected hereditary abelian category
with tilting objects and has Serre duality of the form
DExt
1
X
(E, F ) = HomX(F,E(~ω))(5.2)
for all E, F ∈ cohX. In particular, cohX admits almost split sequences with the
Auslander-Reiten translation τ given by the grading shift with ~ω. Denote by vectX
the full subcategory of cohX consisting of vector bundles, i.e. torsion-free sheaves, and
by coh0X the full subcategory consisting of sheaves of finite length, i.e. torsion sheaves.
Each coherent sheaf is the direct sum of a vector bundle and a finite length sheaf.
Each vector bundle has a finite filtration by line bundles and there is no nonzero mor-
phism from coh0X to vectX. We remark that cohX does not contain nonzero projective
objects.
5.1.3. The structure of coh0X. Denote by
pλ : P1(k)→ N, pλ(µ) =


pi if µ = λi for some i,
1 else.
the weight function associated with X. The following proposition gives an explicitly
description of the structure of coh0 X. We refer to [30, 31] for the concept of standard
tubes.
Proposition 5.1. [12, Proposition 2.5] The category coh0X is an exact abelian, unise-
rial subcategory of cohX which is stable under Auslander-Reiten translation. The com-
ponents of the Auslander-Reiten quiver of coh0X form a family of pairwise orthogonal
standard tubes (Tµ)µ∈P1(k) with rank pλ(µ).
As a consequence, each indecomposable object of coh0X is uniquely determined by
its socle and its length. For each µ ∈ P1(k)\λ, there is a unique simple sheaf Sµ ∈ Tµ
(called ordinary simple sheaf) concentrated at µ with a short exact sequence
0→ O → O(~c)→ Sµ → 0.(5.3)
For λi, there are simple sheaves Si,0, . . . , Si,pi−1 ∈ Tλi (called exceptional simple sheaves)
concentrated at λi with short exact sequences
0→ O(j~xi)
Xi−→ O((j + 1)~xi)→ Si,j → 0(5.4)
for 0 ≤ j ≤ pi − 1. The only non-trivial extension between them are
Ext
1
X
(Sµ, Sµ) ∼= k and Ext
1
X
(Si,j, Si,j′) ∼= k if j − j
′ ≡ 1(mod pi).
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The set {Sµ, µ ∈ P1(k)\λ, Si,j, 1 ≤ i ≤ t, 0 ≤ j ≤ pi − 1} forms a representatives set of
isomorphism classes of simple objects of coh0X. Note that we have τSi,j = Si,j−1 for
j ∈ Z/piZ. The following is an easy consequence of (2.5.1), (2.5.3) and Proposition 2.6
of [12].
Lemma 5.2. Let µ ∈ P1(k) such that pλ(µ) = 1 and M a nonzero object in Tµ. For
any nonzero vector bundle L, we have HomX(L,M) 6= 0.
For each µ ∈ P1(k), we will also denote by Tµ the subcategory of coh0X consisting of
objects which are finite direct sums of indecomposable objects lying on the AR quiver
Tµ. The following is a consequence of standard tubes (cf. Chapter X of [31]).
Lemma 5.3. Let Tµ be a standard tube of rank d. Then
(1) An indecomposable object M ∈ Tµ is rigid if and only if l(M) < d, where l(M)
is the length of M ;
(2) Let M ∈ Tµ be an indecomposable rigid object and N the socle of M , then M⊕N
is rigid.
5.1.4. The classification. Denote by p = lcm(p1, · · · , pt) the least common multiple of
p1, · · · , pt. The genus gX of X is defined as
gX = 1 +
1
2
((t− 2)p−
t∑
i=1
p
pi
).
A weighted projective line of genus gX < 1 (gX = 1, resp. gX > 1) is called of domes-
tic (tubular, resp. wild) type. The domestic types are, up to permutation, (1, p) with
p ≥ 1, (p, q) with p, q ≥ 2, (2, 2, n) with n ≥ 2, (2, 3, 3), (2, 3, 4) and (2, 3, 5), whereas the
tubular types are, up to permutation, (2, 2, 2, 2), (3, 3, 3), (2, 4, 4) and (2, 3, 6). Among
others, let us mention that a weighted projective line of domestic type is derived equiv-
alent to a finite dimension hereditary algebra of tame type, whereas weighted projective
lines of tubular type or wild type are never derived equivalent to finite dimensional
hereditary algebras. We need the following structure property on Auslander-Reiten
quivers of cohX for a weighted projective line X, where (1) is proved by [12, Theorem
5.6] and (2) is taken from [25, Proposition 4.5] .
Proposition 5.4. Let X be a weighted projective line.
(1) If X is of tubular type, then each AR component of cohX is a standard tube;
(2) If X is of wild type, then each AR component in vectX has shape ZA∞;
(3) The AR quiver of cohX admits multiple arrows if and only if X is of type (1, 1).
Let X be a weighted projective line of type (1, 1). In this case, we have ~x1 = ~x2 = ~c and
~ω = −2~c. According to [12, Proposition 4.1], O⊕O(~c) is a tilting object of cohX, whose
endomorphism algebra is isomorphic to the path algebra kQ of the Kronecker quiver
Q : 1 // // 2 . In particular, cohX is derived equivalent to kQ. As a consequence, we
deduce that vectX has precisely one connected AR component which has the shape ZQ.
The following is a direct consequence of the AR quiver of cohX.
ON CLUSTER-TILTING GRAPHS FOR HEREDITARY CATEGORIES 15
Corollary 5.5. Let X be a weighted projective line of type (1, 1), then each exceptional
coherent sheaf is a line bundle.
5.1.5. The rank function. Let G0(X) be the Grothendieck group of cohX. For a coherent
sheaf M , denote by [M ] the image of M in G0(X). It was shown in [12] that G0(X) is a
free Z-module of rank
∑t
i=1(pi − 1) + 2 endowed with basis [O(~x)] for 0 ≤ ~x ≤ ~c. The
rank function rk : G0(X)→ Z is the Z-linear function uniquely determined by
rk(O(~x)) = 1 for any ~x ∈ L.
The following property on rank function is useful (cf. [12, Corollary 1.8.2] or Section
2.3 in [25]).
Lemma 5.6. For each E ∈ cohX and ~x ∈ L, we have rk(E) = rk(E(~x)). Moreover,
E ∈ coh0X if and only if rk(E) = 0. Assume moreover that E is indecomposable, then
E is a line bundle if and only if rk(E) = 1.
5.2. Reachability of cohX. Let X be a weighted projective line and cohX the category
of coherent sheaves over X. Recall that cohX does not contain nonzero projective
objects. In contrast to the category modH of a finite dimensional hereditary algebra
H , the reachable property holds true for cohX. We begin with the following result of
Hu¨bner [22].
Lemma 5.7. Let E be an exceptional vector bundle of cohX. Then the right perpen-
dicular category E⊥ is equivalent to the module category modH of a finite dimensional
hereditary algebra H. Moreover, H ⊕E is a tilting object of cohX.
Lemma 5.8. Let E be an exceptional vector bundle of cohX and H the hereditary
algebra such that modH ∼= E⊥. Then each indecomposable projective H-module is
cogenerated by E in cohX.
Proof. By Lemma 5.7, we know that T := E⊕H is a tilting object of cohX. LetH = kQ
for some acyclic quiver Q. Since an injective morphism in E⊥ is injective in cohX and
each indecomposable projective H-module is a submodule of an indecomposable pro-
jective H-module associated with a sink vertex of Q. It suffices to prove the statement
for an indecomposable projective H-module, say P , associated with a sink vertex of Q.
Note that we have HomH(P,Q) = 0 for any indecomposable projective H-module such
that Q 6∼= P . We write T = P ⊕ T and denote by P ∗ the other complement of T (cf.
Lemma 2.4).
We claim that P and P ∗ fit into the following short exact sequence in cohX
0→ P
f
−→ B → P ∗ → 0,
where B ∈ addT . Otherwise, by Lemma 2.4, there is a short exact sequence in cohX
0→ P ∗ → B′
g
−→ P → 0,(5.5)
where B′ ∈ addT . It turns out that g is a minimal right addT -approximation. As
P ∈ E⊥, we deduce that E 6∈ addB′ and hence B′ ∈ E⊥. By applying HomX(E,−) to
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the exact sequence (5.5), we conclude that P ∗ ∈ E⊥. In particular, (5.5) is an exact
sequence of modH = E⊥. Since P is projective in modH , the short exact sequence (5.5)
is split, which contradicts to P 6∈ addB′. This proves the claim. By the assumption
on P , we clearly know that B = E⊕s for some positive integer s. In particular, P is
cogenerated by E in cohX.

Lemma 5.9. Each line bundle L is reachable by O.
Proof. Let L = O(~x) with ~x =
∑t
i=1 li~xi+ l~c, where 0 ≤ li ≤ pi− 1 and l ∈ Z. Without
loss of generality, let us assume that 0 ≤ l. By the Serre duality (5.2) and (5.1), one can
show that O(~x)⊕O(~x−~c),O(~x−~c)⊕O(~x− ~2c), · · · ,O(
∑t
i=1 li~xi +~c)⊕O(
∑t
i=1 li~xi)
and O(
∑t
i=1 li~xi)⊕O are rigid. Hence L is reachable by O by definition. 
Lemma 5.10. Each exceptional coherent sheaf of finite length is reachable by O.
Proof. Let M be an exceptional coherent sheaf of finite length. In particular, there is a
λi ∈ λ such that M ∈ Tλi . Moreover, l(M) ≤ pi− 1. According to Lemma 5.3 (2), each
exceptional sheaf in Tλi is reachable by its socle. It suffices to show that each simple
sheave in Tλi is reachable by O.
Applying the functor HomX(−,O) to the exact sequence (5.4) of Si,1, we conclude
that Ext1X(Si,1,O) = 0 by (5.1) and the Serre duality (5.2). On the other hand,
Ext
1
X
(O, Si,1) = DHomX(Si,1,O(~ω)) = 0,
since there is no nonzero morphism from coh0X to vectX. Consequently, Ext
1
X
(O ⊕
Si,1,O ⊕ Si,1) = 0 and hence Si,1 is reachable by O.
For the simple sheave Si,j of Tλi , we have Si,j
∼= τ−(j−1)Si,1. Note that as τ is an
equivalence of cohX, we conclude that Si,j ⊕ τ
−(j−1)O = Sij ⊕ O(−(j − 1)~ω) is rigid.
By definition, Si,j is reachable by the line bundle O(−(j − 1)~ω). Now the result follows
from Lemma 5.9. 
The following is the main result of this subsection, which plays an important role in
the proof of Theorem 1.2.
Proposition 5.11. Let M and N be arbitrary exceptional objects of cohX. Then M
is reachable by N .
Proof. If X is of type (1, 1), then cohX is derived equivalent to the Kronecker quiver.
In this case, each exceptional object is a line bundle by Corollary 5.5 and the result
follows from Lemma 5.9. In the following, we assume that X is not of type (1, 1). It
suffices to show that each exceptional sheaf E is reachable by O. We prove this result
by induction on the rank rkE of E. If rkE = 0, then E ∈ coh0X and the result follows
from Lemma 5.10. If rkE = 1, then E is a line bundle by Lemma 5.6 and the result
follows from Lemma 5.9.
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Let us assume that rkE > 1. In particular, E is an exceptional vector bundle.
Consider the right perpendicular category E⊥ of E in cohX. Denote by
0→ τE → M → E → 0
the Auslander-Reiten sequence ending at E. By the assumption that X is not of type
(1, 1), we deduce that the Auslander-Reiten quiver of cohX does not contain multiple
arrows by Proposition 5.4. Consequently, M is basic. Again by Proposition 5.4, we
know that M has at most two non-isomorphic indecomposable direct summands.
By [17, Proposition 2.2], we know thatM ∈ E⊥. Moreover, for each Z ∈ E⊥, we have
HomX(Z,M) ∼= HomX(Z,E). By Lemma 5.7, E
⊥ is equivalent to modH for some finite
dimensional hereditary algebra H and E ⊕ H is a tilting object of cohX. Let P be a
simple projective H-module. According to Lemma 5.8, P is cogenerated by E in cohX.
By definition, E is reachable by P . If rkP < rkE, by induction, P is reachable by O
and hence E is reachable by O. It remains to consider the case with rkP ≥ rkE and we
break the proof into two situations: dimk HomX(P,E) = 1 and dimk HomX(P,E) > 1.
Case 1: dimk HomX(P,E) = 1. Since P is cogenerated by E, there is an injective
morphism f : P → E⊕s for some positive integer s. As dimk HomX(P,E) = 1, each
nonzero morphism from P to E is injective. Note that P 6∼= E, thus we can form a short
exact sequence in cohX
0→ P → E → N → 0.
By definition of the rank function, we have rkE = rkP + rkN . Since rkP ≥ rkE,
we have rkP = rkE and rkN = 0. In particular, N ∈ coh0X. Note that we also
have dimk HomX(P, P ) = dimk HomH(P, P ) = 1 and Ext
1
X
(P, P ) = Ext1H(P, P ) = 0. By
applying the functor HomX(P,−) to the exact sequence, we obtain that HomX(P,N) = 0.
Note that as rkP = rkE > 1, we conclude that P is a vector bundle. According to
Lemma 5.2, each indecomposable direct summand of N belongs to a standard tube
whose rank is strictly greater than one. Let M be an indecomposable direct summand
of N with socle SM . It follows that HomX(P, SM) = 0. Consequently, P ⊕ τ
−1SM is
rigid by the Serre duality. By Lemma 5.10, τ−1SM is reachable by O. Therefore P and
E are reachable by O in this case.
Case 2: dimk HomX(P,E) = s > 1. In this case, we have dimk HomX(P,M) = s. Note
that as P is a simple projective object in modH = E⊥ and M ∈ E⊥, we have the
following exact sequence
0→ P⊕s
ι
−→ M → N → 0
in E⊥. Since M is basic, which has at most two non-isomorphic indecomposable direct
summands, we conclude that the morphism ι is not an isomorphism. Hence N 6= 0.
Recall that we have assume that rkP ≥ rkE. On the other hand, we have
rkM = rk τE + rkE = 2 rkE and s rkP + rkN = rkM.
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Consequently, s = 2 and rkN = 0. Since N ∈ E⊥ and E is a vector bundle, we
deduce that each indecomposable direct summand of N belongs to a standard tube
with rank d > 1. Now similar to the Case 1, there is a simple rigid sheaf SN such that
HomX(E, SN) = 0. Consequently, E ⊕ τ
−1SN is rigid. By Lemma 5.10, we conclude
that E is reachable by O. This finishes the proof. 
6. Proof of Theorem 1.2
Let H be a hereditary abelian category with tilting objects. If H is not connected,
then H can be decomposed into a coproduct H =
∐t
j=1Hj of finitely many connected
hereditary abelian categories with tilting objects. Consequently, we have
Db(H) =
t∐
j=1
Db(Hj) and C(H) =
t∐
j=1
C(Hj).
It is clear that the cluster-tilting graph Gct(C(H)) is connected if Gct(C(Hj)) is connected
for each j = 1, . . . , t. Hence the connectedness for H in Theorem 1.2 is not necessary.
Proof of Theorem 1.2. We prove it by induction on the rank n := rank G0(H) of the
Grothendieck group G0(H).
If n = 1, then H = mod k and the result is obvious (cf. Proposition 4.4).
Now assume that n > 1. According to Theorem 2.6, H is either derived equivalent to
modH for a finite dimensional hereditary algebraH or to cohX for a weighted projective
line X. By Proposition 2.12, the cluster-tilting graph Gct(H) is invariant under derived
equivalences. Therefore, without loss of generality, we may assume that H = modH or
H = cohX. If H = modH , then the result follows from Proposition 4.4.
Let us consider the case H = cohX. According to Proposition 2.13, we may identify
the tilting objects of H with the cluster-tilting objects of C(H). Let M = M1 ⊕ M
and N = N1 ⊕ N be two arbitrary basic tilting objects of H, where M1 and N1
are indecomposable. We have to show that M and N are connected in the cluster-
tilting graph Gct(C(H)). By Proposition 5.11, there exist exceptional objects X0 =
M1, X1, · · · , Xs = N1 ∈ H such that X0 ⊕ X1, · · · , Xs−1 ⊕ Xs are rigid in H. Ac-
cording to Lemma 2.3, each rigid object of H is a partial tilting object. For each
0 ≤ i < s, denote by Ti a complement of the partial tilting object Xi ⊕ Xi+1. Set
T−1 := M,T0 := X0 ⊕X1 ⊕ T 0, · · · , Ts−1 := Xs−1 ⊕Xs ⊕ T s−1, Ts := N . In particular,
for each 0 ≤ i ≤ s, Xi is a common direct summand of Ti−1 and Ti. Let S be a Serre
functor of Db(H). Consider the subcategory
Ei := {S
p
2Xi | p ∈ Z}
of Db(H), which is rigid, functorially finite and S2-stable. Denote by D
b(H)Ei the Iyama-
Yoshino’s reduction of Db(H) with respect to Ei. By Theorem 3.7, there is a hereditary
abelian category H′ such that Db(H)Ei
∼= Db(H′) with rank G0(H
′) = rankG0(H) − 1.
The categoryH′ is not connected in general. However, it decomposes into a coproduct of
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connected hereditary abelian categories whose Grothendieck groups have ranks strictly
less than rankG0(H). Hence, the cluster-tilting graph Gct(D
b(H′)) ∼= Gct(C(H
′)) is con-
nected by induction hypothesis. Note that π−1(addTi−1) and π
−1(addTi) are cluster-
tilting subcategories of Db(H) which contain the subcategory Ei. By Theorem 3.1, there
is a one-to-one correspondence between the cluster-tilting subcategories of Db(H) con-
taining Ei and the cluster-tilting subcategories of D
b(H′). It follows that π−1(addTi−1)
is connected to π−1(addTi) in the cluster-tilting graph Gct(D
b(H)) by definition (cf.
Remark 3.2). Consequently, Ti−1 and Ti are connected in Gct(C(H)) for 0 ≤ i ≤ s. This
completes the proof.
7. Consequences
7.1. Application to cluster algebras. Let C be a 2-Calabi-Yau triangulated category
with cluster-tilting objects. Denote by Σ the suspension functor of C. Let T = M ⊕ T
be a basic cluster-tilting object with indecomposable direct summand M . It was shown
in [23] that there exists a unique object M∗ 6∼= M such that µM(T ) := M
∗⊕T is again a
cluster-tilting object of C. The cluster-tilting object µM(T ) is called the mutation of T
at the indecomposable direct summand M . The category C admits a cluster structure [5]
if
• for each basic cluster-tilting object T , the Gabriel quiver QT of its endomorphism
algebra EndC(T ) has no loops and no 2-cycles;
• if T = M ⊕ T is a basic cluster-tilting object with M indecomposable, then
QµM (T ) is the Fomin-Zelevinsky’s mutation [9] of QT at the vertex corresponding
to M .
Assume that C admits a cluster structure. For each basic cluster-tilting object T of C,
one may construct a cluster algebra AT associated with T . We refer to [9] for the termi-
nology of cluster algebras. The cluster algebra AT is called injective-reachable if T and
ΣT are connected in the cluster-tilting graph Gct(C). Injective-reachable cluster alge-
bras were introduced by Qin [28] and have played an important role in his construction
of triangular bases for (quantum) cluster algebras. We remark that injective-reachable
cluster algebras can be defined without using categorifications and we refer to [28] for
the original definition. On the other hand, we do not have an effective method to
determine whether a given cluster algebra is injective-reachable or not.
Let X be a weighted projective line and CX := C(cohX) the associated cluster category.
It was shown in [4, Theorem 3.1] that the cluster category CX admits a cluster structure.
In particular, for each basic cluster-tilting object T , one may construct a cluster algebra
AT . The following is a direct consequence of Theorem 1.2 and [8, Theorem 5].
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Corollary 7.1. Let X be a weighted projective line and CX the cluster category associ-
ated with X. Let T be a basic cluster-tilting object of CX and AT the associated cluster
algebra.
(1) There is a bijection between the set of exceptional objects of cohX and the set of
cluster variables of AT ;
(2) The cluster-tilting graph Gct(C(H)) is isomorphic to the exchange graph of AT ;
(3) Let T ′ be an arbitrary basic cluster-tilting object of CX, the cluster algebra AT is
isomorphic to AT ′. Hence we may denote it by AX;
(4) The cluster algebra AX is injective-reachable.
7.2. τ-tilting theory. Let A be a finite dimensional algebra over k. Denote by modA
the category of finitely generated right A-modules. Let τ be the Auslander-Reiten
translation of modA. Recall that a module M ∈ modA is τ -rigid if HomA(M, τM) = 0.
A τ -rigid pair is a pair (M,P ) with M ∈ modA and P a finitely generated projective
A-module, such that M is τ -rigid and HomA(P,M) = 0. A τ -rigid pair is called support
τ -tilting pair if |M |+ |P | = |A|. In this case, M is a support τ -tilting A-module. Denote
by sτ -tiltA the set of isomorphism classes of basic support τ -tilting A-modules. It was
shown in [1] that sτ -tiltA admits a partial order. Denote byH(sτ -tiltA) the Hasse quiver
of the poset sτ -tiltA. The connectedness of the Hasse quiver is known for certain classes
of finite dimensional algebras, see [1, 27, 11] for instance. Our main result Theorem 1.2
yields a new class of finite dimensional algebras whose Hasse quivers of support τ -tilting
modules are connected.
Corollary 7.2. Let X be a weighted projective line and CX the associated cluster cat-
egory. Let T ∈ CX be a basic cluster-tilting object. Denote by Λ := EndCX(T ) the
endomorphism algebra of T . Then the Hasse quiver H(sτ -tiltΛ) is connected.
Proof. It follows from [1, Theorem 4.1] and Theorem 1.2 directly. 
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